THE POISSON KERNELS AND THE
CAUCHY PROBLEM FOR ELLIPTIC EQUATIONS
WITH ANALYTIC COEFFICIENTS

BY
YOSHIO KATO

1. Introduction. It is well known that the Cauchy problem for elliptic equations
with C *-data cannot always be solved, even if their coefficients are analytic and the
problem is local. In this paper we shall discuss relations between Cauchy data with
which the Cauchy problem has at least a local solution. Obviously one of the sufficient
conditions is that Cauchy data are all analytic (the Cauchy-Kowalewski theorem).
In [2] J. Hadamard emphasizes that in order that the Cauchy problem for the
laplacian A have a solution, it is necessary for the Cauchy data to satisfy some
relation, and, in fact, states such a relation for A. Our result is an extension of that
for A to general linear elliptic operators.

Let Q be a bounded domain containing in the half space R%*! of the (n+1)-
dimensional euclidian space R"*! (n=1) with coordinates x,, ..., x,, ¢t defined by
the relation #>0. We assume that the boundary of Q, 9Q, is of class C* (for the
definition see §2) and contains a domain w of the hyperplane =0. By « we denote
multi-indices («y, ..., «,) of nonnegative integers. Their sum is denoted by |«].
With D;=0/0x; and real numbers £,, we set D,=(Dy, ..., D,), D&=D%1- - - Dj» and
Er=¢f- - £n,

Consider a linear partial differential operator of even order

L(x,t; Dy, D) = D audx, )DD},

lel +k=2m

where D,=0/0t and a,(x, t) are complex-valued analytic functions in a domain
containing the closure of Q, Q. We suppose further that L is properly elliptic in Q,
i.e, if I(x, t; D,, D,) is the part of order 2m of L(x, ¢; D,, D,), then for every real
(n+1)-vector (¢4, . . ., &, 7) #0 and for every point (x, t) in Q, we have I(x, t; ¢, 7) #0,
and for every £#0 and for every (x, t) € Q the polynomial of =, I(x, t; £, 7), has
exactly m roots 7,(x, t; £), . . ., Ta(x, t; €) with positive imaginary parts. It is clear
that every elliptic operator is properly elliptic if n=2.

Consider next the set of linear partial differential operators with coefficients in
C=(0Q) (0Q=0-Q)

Bj(x, t; Dm Dt) = z bj.ark(x, t)DgDi‘, ] = 1, ceey 2ma

la|+k=Suy
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where u; are exact order of B; and u; <2m. We assume that {B;}?™, is a Dirichlet set,
i.e., (i) ps# i for j#k and (ii) if by(x, t; £, 7) is the part of order u, of B, then we
have by(x, t; n)#0 when n#0 is normal to éQ at (x, t), and that the set B,,..., B,
covers L, i.e., for every fixed real £#0 and (x, ¢) € 9Q the polynomials b,(x, ¢; &, 7)
in 7(j=1, ..., m) are linearly independent mod[I7, (v —7,(x, ¢; §)).

In §2 we shall prove the existence of the Poisson kernels for the system
{L, By, ..., By, Q, w} (see Theorem 2), using Theorem 1 which is nothing but a
simple application of the works of Schechter [7] and [8]. For homogeneous L, B,
with constant coefficients and for Q= R%*1, the Poisson kernels have been already
constructed explicitly by Agmon-Douglis-Nirenberg in [1]. In the last section we
consider the Cauchy problem

Lu=0 int >0,

1 k
M (a%)u=¢k(x) onw, k=1,...,2m,
and characterize relations between the Cauchy data @, . . ., ¢am_1 With which the
problem (1) is locally solvable in the direction #>0, making use of the Poisson
kernels and of the regularity theory stated in the Appendix, where we give a theorem
concerning the analytic regularity at the boundary which is a slight improvement of

the results of Morrey-Nirenberg [6] (cf. Matsuzawa [4], [5]).

2. Poisson kernels. Throughout this section we suppose that Q, w, L and
{B,}?™, have the same meaning as in the introduction. Let L* be the formal adjoint
of L:

L*v = > (=1)'**DiDf(duv),
lal +k=2m
where 4, is the complex conjugate of a,,. Then we can find another Dirichlet set
{B;j}?™ such that the equality

2m
@  @wo-wLw) = f Bu(Byn_,o10)- dS,  u,ve C=(Q)
j=14J08

holds and {B;}1., covers L*, where dS is the element of surface and (u, v) is the
usual inner product in L%(Q) (for the existence of such {Bj}?™; see [7]).
For nonnegative integer s, we define the norm |- ||, by

1/2
o= ( 3 [] 1DeDtul axar) ™
lal+kSs Q

By H*(Q2) we mean the Hilbert space resulting from the completion of the set
C=(Q) by the norm | - |,. By the fact that dQ is of class C* we mean the existence
of a finite open covering in R*** of 9Q, {U,}, such that each Q N U, can be mapped
in a one-to-one way onto a hemisphere Vg:y2+ .- - +y2+72< R%, 720, by a map-
ping T} which together with its inverse is infinitely differentiable and transforms
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0Q N U, onto og:y3+ - - - +y2 < R2 Let {«,(x, 1)} be a set of functions in C§(R"*?)
such that supp [« ]< U, and 3 «,=1 on Q. For g € C*(02), we set

&) = a(T '(y, 0)g(Ti *(, 0)) on o,
=0 on R"—oy.

For a nonnegative integer s, we define
) (@i =3 16180 bue) de, g he Co(0)
k

@ (g2 =488s» £€C™(0Q),

where g, is the Fourier transform of g;:

£.(0) = f g (N dy (V€= mbit - +7ab).

It follows that (3) and (4) satisfy all the properties of an inner product and norm,
respectively, and that there exists a constant C; such that, for all v e C*(6Q)
satisfying v=g on 0Q,

(5) {g>s £ Cy|v]s.
Now we can state

THEOREM 1. Let | be an integer satisfying 1> (n+1)/2. There then exists a linear
mapping M on H'(Q) into H'*2™(Q) such that for every fe H(Q)

LMf)=f inQ,
B.(Mf)=0 onw, k=1,...,m,
™ IMfllis2m < Cillfls

where C, is a constant not depending on f and it should be noted that H'*2™(Q)
< C2™(Q) (cf. Sobolev’s lemma).

©

Proof. We employ the same reasoning as in the proof (of sufficiency) of Theorem
5.2 in [8]. Let { be in C*(0Q) such that {=0 on w and {#0 on 0Q—w. It then
follows from (5) and the coercive inequality for L*, {Bj}7., that the estimate

m 2m
®) ¢ YvlEn £ IL*0]3+ D Biddn-ut D LBpDEm-y+ [0I3S clv]3n
j=1 J=m+1

holds for all v € C*(Q) and so for all v e H>™(Q), ¢ being a positive constant not
depending on v and p;j the order of Bj. The ellipticity of L* and the analyticity of its
coefficients guarantee that v vanishes identically in Q if it satisfies

L*» =0 inQ,
By=0 onwforj=1,...,m,
=0 ondQ—ow,forj=1,...,2m,
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noting that the set {B;}?™, is a Dirichlet set. Therefore (8) holds without the term
[oll3.

Application of Lax-Milgram’s theorem gives us that for every fe H'(Q) we can
find a w e H?"(Q) such that

m 2m
w, 0] = (L*w, L*0)+ > <Bjw, Bitdom_uy+ > <LBw, {B0dam_s;
9 =1 j<me1

=(f,v), veH™Q).

Moreover the regularity theory shows us we H'**"(Q) (see [7]). It will then be
clear that such a w is uniquely and linearly determined for every f e H'(Q). Define
M by Mf=L*w. Then we see easily with the aid of (2) and (9) that M is a linear
mapping on H'(Q) into H'*2™(Q) and satisfies (6) if /> (n+1)/2.

Next we must prove the continuity of M. Taking v=w in (9) we can deduce,
from (8) without the term |v||3, the inequality

cHwlEa = (f, W) £ c|w]En
Thus we have, with some constant ¢’ >0,

IMfllo = ¢'Iflos  feE H(D).

From this we obtain immediately that M is closed, i.e., if a sequence f; converges to
fin HY(Q) and Mf; does to u in H'*2™(Q), then u= Mf. By the closed graph theorem
we can assert that M is a continuous mapping on H'(Q) into H'*2™(Q). Thus (7) is

obtained. Q.E.D.
Finally we state a theorem on existence of the Poisson kernels:

THEOREM 2. Let q be an integer with the same parity as n satisfying q>4m+ (n+1)/2.
There then exist functions W, (x, t; y) in C*™(Q,.,) (j=1, ..., m) for every fixed y in
R™ such that

(i) DEDEW; x, t; y) are continuous in(x, t; y) € Q, , % R for every o, k satisfying
|| +k<2m,

(ii) if we regard W, (x, t; -) as a distribution on R* for fixed (x, t), then kernels

(10 Kix, t;y) = AJ* P2 W (x, ;) (G=1,...,m)
(A, =27, (8/0y;)®) are the Poisson kernels for the system{L, B,, . .., Bn, Q, w}, i.e.,
for any ¢, € C3*(R™) the function defined by
G 1) = 3 [Kix, 13 9,0 dy
i=1

satisfies
Lu=0 inQ,

Bu=¢, onow, k=1,...,m.
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Proof. From (7) and Sobolev’s lemma we can derive that, if />(n+1)/2,

H2"+{(Q)c C2™(Q) and

(1n IMf|ama < Cillfl,  fe H(Q),

where Cj is a constant and
[uls0 = Z sup |D%Dfu(x, t)|.
lal + kS8 (x,0)eQ

Let g be as in Theorem 2 and E,(x) be a fundamental solution of A%+®/2 be-
longing to C?~'(R") (as such one we can take, following Agmon-Douglis-Nirenberg
(1],

1 x¢
~(2m)g! -[IZI= 1 (x£)* log 0 dave

where the principal branch of the logarithm in complex plane slit along the negative
real axis is taken, dw, is the area element on the unit sphere [£|=1 and
xé=x.&+ - - - +x,£,). Since the set {B;}?", is a Dirichlet set, we can then find m
functions V, ((x, t; ¥) (j=1, ..., m) such that

(@) DEDV, (x, t; y) are continuous in (x, ; y) € Q. x R} for all o, k satisfying
|| +k<q—2m,

(b) if we denote by §,, the Kronecker delta, then

BV, (x,t;y) = 8,E(x—y) onw, k=1,...,m.
Put
i(,l!l)(xy t) = —L(X, t; Dx) Dt) VJ.G(x, t; )’)-

This and all its derivatives up to order N=[(n+1)/2]+1 are continuous in
Q,..x Rt Applying Theorem 1 with /=N to f(x, t)=f%(x, t) and putting

H; (x, t;y) = M(fi%),
we obtain from (11)
|Hyo(-> -3 Mlama S AL
From this and (a) we can immediately conclude (i) of Theorem 2 if we put
Widx, 1) = Vidx, 15 9)+ Hyo(x, 85 3).

Moreover we then have, with (b),

Lo W, o(x,89) =0 in Q,

B W, (x,0;y) = §;,E(x—y) onw.

Let ¢, € CR(R™) (j=1, ..., m). It then follows from (i) of Theorem 2 and (12) that,
for each j,

(12)

[ K 159800 dy = [ W3 159085 029,3) dy
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satisfies

Lu=0 in Q

Bku= 8jk¢j on w, k= 1,...,m.
This gives the proof of (ii)). Q.E.D.

3. Cauchy problem. Let L, Q and o be the same as those in §1 and let us take
(0/ony -t (j=1,...,2m) as boundary operators B; in §1, where 9/on is the inner
normal derivative to 9Q. It is clear that the set {(¢/on) ~}?", is a Dirichlet set. A
sequence of integersv=(vy, . . ., v,,) is said to be admissible if 0 <v, < - - - <v, <2m—1
and if the set (0/0n)"s, ..., (8/0n)’= covers all properly elliptic operators (cf. the
notion “completely elliptic” in Hérmander [3]). If v is admissible, we can see from
§2 that the Poisson kernels of the form (10):

KP(x, t;y) = A+ ORWNx, £ 9)
for the system {L, (9/0n)*1, ..., (8/on)'», Q, w} always exist.
THEOREM 3. Let v=(vy, ..., v,) be an admissible sequence. With the Cauchy data

dos -+ -s bom_1 in C&(R™) the Cauchy problem (1) is locally solvable in the direction
t>0, if and only if m functions

m 0 Vie
$a0- 2 [(5) W o a0y dy k= 1,.im)
i=1

are all analytic in w. Here vy, . . ., vy, is a sequence such that 0<vy < - - - <vp, £2m—1
and vy, #v; for all k, j.

Proof. Let u be a solution of (1) with Cauchy data ¢, . . ., $am_ 1 in Cg°(R"). Then

V= u-—z fK}V)(x’ t; y)¢v1(y) dy
j=1
satisfies
Lv=0 int>0,

v,
(a%)kv=0 on w, k=1,...,m.

Thus we can conclude with the aid of the Appendix that ,(x) = (9/0t)"v(x, 0), that is,

(13) $lx) = %,;(x)—é f (a%)v;‘w;rg(x,o; VA®2E (pydy  (k=1,...,m)

are all analytic in w. Conversely, let ¢, . . ., #,,_ 1 be arbitrarily given in Cg*(R™). If
m functions ¢,(x) (k=1,..., m) defined by (13) are all analytic in w, we can then
find a solution of (1). Indeed, let v be a solution of the Cauchy problem

Lv=0 int >0,
(@fot)sw =0 on o, j=1L...,m,
@ty v =4, onw, k=1,....m
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(we can solve this by the Cauchy-Kowalewski theorem); then we can conclude from
(13) that

u=v+> f W x, £; Y)AS+ 013, (3) d
=1

is a solution of (1). The proof is thus complete.

APPENDIX. Let L(x, t; D,, D,) be a properly elliptic partial differential operator
of order 2m with analytic coefficients defined in a neighborhood of a hemisphere
x4+ +x2+12<p%t>0, and By(x; D,, D),..., By(x; D,, D)) be linear
partial differential operators of order u;<2m with analytic coefficients defined in
the planary boundary of 2,, 0,:x3+--- +x2<p? such that the following are
fulfilled:

() ps#p for j#k,

(ii) if b(x, D,, D,) is the part of order u; of B;, then we have b,(x; 0, 1)#0 for
all x € op,

(iii) the set By,..., B, covers L.

Before stating our theorem we have to introduce some notations and to prepare
a few lemmas according to Morrey-Nirenberg [6]. For ue C*(Z;) (R<p) and
¢ € Cg(R™) we define two norms, respectively, for j=0, 1,...,

1/2
|u; Zg|; = (ff |u?|? dx dt) ,
IR
[¢]; = inf [v; RYF2(,(Y),
where 4 is a vector function {D%Dfu; |«|+k=j} and “inf” is taken over all
functions v in CP(R"%*') which equal ¢ on ¢t=0. Finally we set
Lo(Dxa Dt) = 1(0’ 0, D,, Dt)9
B?(Dx’ Dt) = b.f(o; Dx’ Dt),

where I(x, t; D,, D,) is the leading part of L.
The following Lemma is given in [1].

LEMMA 1. Assume u is in CP(R%*1) such that supp [u]l<Zp U o (R<p). Then
there exists a constant K,(?) such that

|4; Zplom < Kl(lLou;Zn|o+ Z [B;Julzm—u,)-
i=1

(*) We can easily see that this norm is equivalent to one employed in §2 (cf. (3), (4) and (5)):
<$>s=[1€1%~1|$(£)|? d¢,$eCF (R, i.e., there exists a constant ¢; such that c; 1{$>, < [];= {85,
$eC&(R™).

(?) From now on we shall use the symbols K;, K; to denote constants depending only on
n, L° and B} (j=1,..., m).
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LEMMA 2. Assume u is in C*(Z, U ay). There then exists a constant K, such that,
forO<r<r+38<R, é<r,

2m m
|42, |am = Kz(|L°u;Z,+6[0+ Z 87u; Zp 4 olom-o+ Z [Cr,aB?u]2m-u;)’
a=1 j=1
where L, i(x, )=h(((|x|>+12)*2—r)/8) with a fixed function h e C*(R*) satisfying
h(r)=1 for <0 and h(r)=0 for r21.

Lemma 2 is easily derived from Lemma 1 and the definition of the norm [-];,
noting that there exists a constant C; such that

1) sup [LP(x, t)| £ Crd
€ZR

(x5t

We need some further notations: for f, u in C*(Zg)
Mﬂ.p(f) = (p!)_l sup (R_r)2m+p|f; zrlm D= 0,1,...,
(2,) eR=r<R
N ) = [p!1? Rssupk (R=r)?>"*?|u; 3, loamsps, P = —2m, —2m+1,.. .,
€ r<

and for ve C*(Z; U op)
®)  FO = @) sup (R=r" LV, P=0 L.,
ERSr<
where e=1-—1/2m, {,={, ; with =(R-r)/(p+1), and [p!]=p! for p=0 and
[p'1=1 for p<O.

LEMMA 3. Suppose u is in C*(Zy U o). Then there exists a constant K such that,
for p>0,

2m m
Nao) < Ka(Mn,,(L°u)+ S Napodi)+ F&&(B?u)).
q=1 i=1

This lemma is an immediate consequence of the preceding one.
Now we can prove
THEOREM 4. Let u be a solution in C*™(Z, U a,) of the system
Lu=f inX,
Bu=0 ono,, ji=1...,m

@)

If f is analytic in a neighborhood of Z,, then u is analytic on 2, U o,,.

Proof. To prove this theorem we have only to assert the analyticity of the u in
some neighborhood of the origin. It is, first of all, clear that u is in C*(Z, U a,)
(see Theorem 15.3 in [1]). As a consequence, if we can establish the following
inequalities

) Ne,(w) S M¥, RSR =1, p=-2m -2m+1,...,

for some fixed constant M, A=1 and R, <p, we can deduce Theorem 4 from (5)
and a slight modification of the proof of Lemma 2.3 in [6].
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We write the system (4) in the form
©) L% = f+(L°~L)u inZX,
Bdu = (B)—Bj)u ono, j=1,...,m,
and L°—L, BY— B, in the forms

2m

(L°—Lyu = D a,x, -9,
@) a=0

K
(BY—Bju = D by (x)u* 9,
g=0

with a,(0, 0)=0 and b, ,(0)=0. The analyticity of f, a, and b; , guarantee that we
can find numbers 422, H and R,=<1, R,< p, such that
|f 5,25, = p'HA,
@®) |Gal 5,28, < P! HA”, |bs.alp, 2%, < PIHA?,
lao(x, )] = HA(x[+[t]),  |bj,0(x)] = HA|x| in Zg,

Application of Lemma 3 gives us, with the aid of (6) and (7"), that if R< R,, for
all p>0

2m 2m
Ne,,(w) = Ka(Mn.p(f) + z Mp (au®" )+ Z Nz,o-o(%)
q=0 q=1

®) o
£S5 F,szz,(b,,quwrv)).
j=14q=0

First we find, with the aid of (2"), (8") and Leibniz’ formula that for R< Ry and p>0
My () £ HK{R*™+ "+ DIZ(AR)P,

2m . t
AR
M @em-) <
(10 qu 2,0(a®™~®) < HARN; ,(u) + H;ﬂ ( 2m) Ngpw)

2m p
AR q+t
+HZ A_q(m) Nu,,,_,,_t(u).

a=11t=0

From (3’) we have, recalling the definition of the norm [-],,

F;(;’,),,(b,,qu("’ - a)) =< (p !) - 1K2' GRSS“,E . (R _ r)zm +p | C,(bj,qu(“i - q))(p) ; Zr +e l 2m—uy-

Using (1), (8') and Leibniz’ formula we obtain, for j, g and r such that 1<j<m,
0=g=p;and eRSr<R,

Ir(j’q) = I lr(bj,qu(u’ - q))(P) ; Zr + 6|2m —a

2m -y P+2m-pu;-k
( t

' -k () (P +2m—k—t-q).
= K; Z 8 )Ibm“p ™ 25 Zr v olo-
k=0

t=0
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From this we obtain, for p>0,

(p!)—l Sup (R__r)2m+PIr(f»0)

8RSr<R
2m 2m - uy 2m+p—uj-k
s (1) "B S G 0 ARV 0+ S (AR Ngi-)}

and when g1

(py) 1 sup (R r)2m+p1(!q)

ERST<
2m+p—-usj~-k

2m—uy
s ol4) H O D 3 AR Nyt )
t=0
Consequently

Ky
z FQ,(by, ")

14¢=0

[\/]s

ary ’

2m 2m+p-k

< K;(HAR kzo Navw 1)+ H (R Nep-s-0).

k=0 =1

It follows from (9’), (10’) and (11’) that

2m
Np,(u) < K4(HR2"'+"‘“”2(AR)"+HARNR,,,(u)+HAR > Nep-i(®)
k=1

2m 2m+p-k
+HZ Z], (AR)'Np,p - () + z Ngp- k(u))

k=0

Hence, if we set

. 1
R1 = min (m, Ro),
the inequality

2m 2m+p-k

NR p(u) < 2K4( R2m+(n+ 1)/2(AR)P+H

(AR)'NR.,-,-k(u))
12)

k=0 =1

+(l +2K4) zzm Nn’p_k(u)

k=1

holds for R< R, and p>0.
Using (12) we can finally establish the inequality (5") with

A =6+4+6K,+34R,,
M = 2K HRZ™+®+ D24 3203y B | ome

Thus the proof is completed.
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